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We study questions of the stability of the equilibrium position of nonlinear systems
neutral in the linear approximation, We obtain necessary and sufficient stability
conditions in the presence of one resonance, as well as some results concerning the
interaction of several resonances, We show that Liapunov instability follows from
instability in finite order,

1, We consider a system of ordinary differential equations with real coefficients
dr, | dt = APxg + APYxpry + . ., a=1,..,n (1,1)

We study the stability of the equilibrium position ») = ... = x, = 0 (relative to
variations of the initial data) if the eigenvalues of the linearized system are purely ima-
ginary, simple, and nonzero (Condition (4)) Under these conditions the question of the
stability of the equilibrium position in the resonance~free case was examined by Molcha-
nov (*), This question has been studied for Hamiltonian systems in the presence of reso-
nances of arbitrary order [1]. The case of one third-order resonance was considered in
[2] for general systems, In the present paper we have obtained necessary and sufficient
conditions for the stability of the equilibrium position of system (1,1) in second order by
perturbation theory in the presence of parametric resonance , We have proved the Lia-
punov-instability of the equilibrium position of system (1,1) in the presence of an arbit-
rary third-order resonance if the system is Birkhoff-unstable (in second order) and we
have examined the question of the interaction of two or of several resonances, In parti~
cular, we have shown that the interaction of two resonances can lead to instability even
when each resonance individually does not cause instability,

Let A, ..., A, —A;, ..., —A, be the eigenvalues (frequencies) of the system
being analyzed (2! = n). We say that system (1, 1) possesses k th-order resonance if
integers k,, (m = 1, ..., [), exist,not all equal to zero, | /&, | + . . . + Lk | =
k, such that A, 4 . .. 4 k&, = (. (For example, relations of the form

}\'i_27\’j:0’ 7\,1’*‘7\41’}‘7\‘;‘ :0, )'i;}‘jhkh ==
exhaust all third-order resonances), The vector (k,, . . ., k,) is said to be resonant,

*) Molchanov, A, M,, On the stability of nonlinear systems, Thesis for a Doctor's
degree, Moscow, 1962,
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When Condition (A) is satisfied, system (1, 1) can be reduced by a quadratic change
of variables to the normal form (the asterisk denotes conjugation)

dye | dt = hoyo + B ypyy + - - - (1.2)
dy* 1 dt = Ay A+ (B yg*yt + .

a=1,..,6 Byy=1,..,L 1% 0% y,=uy*

The system

dYo/dt = MaYfa -+ BYyay (1.3)
dy *dt = M Fy* -+ (BY)Y* yg*yy*
o=1, ..., L B.y=A, .. 0 1% U y.=u"

obtained from (1, 2) by discarding all terms higher than second order, is called truncated
system and we say that (1,2) is stable (unstable) in second order if its truncated form
(1, 3) is stable (unstable),

Let system (1, 1) possess the (parametric) resonance A, — 2A; =0. The first group
of Eqs, (1, 3) then has the following form (the equations for the conjugate quantities are
computed analogously):

dy, / dt =hy, + By, *, dy, [ dt = hayys + B,"y,? (1.4)
dy, /dt =holYy, a=3...,1

Passing to a polar coordinate system, Ya = paew“, oo =1, ..., 1, we obtain
dp.? dy Y Py Py ' )
dt] = ZPIZPZP} (‘P)’ a = 2p1~p‘2 {EY 'I_ ngz) , J=12 (1.5)
dpaz dcpd 7\'1
i
where

P o=y — 2¢,, Py o= Ajcos$ 4 Bsing, Py =dP;/dt, =12
Al = Re Bl21*? Bl == ImBl21*, A2 :ROBQH,

B, = —ImB,"
Theorem 1, The equilibrium position (pl = ... = = 0) ofsystem(1,5)
is stable if and only if the condition
Ay = —A,, By = —1B,,  1>0 (1.6)

are satisfied,

Proof, If conditions (1,6) are fulfilled, system (1, 5) has the integral [ = p? -+
v02® + p3® -+ . .. -k p/ whose existence guarantees stability, Mow suppose that con-
ditions (1, 6) are not fulfilled, Let us show that then system (1, 5) has a growing solution
of the type of an invariant ray

0 (1) ==k b (D), ko >0, b >0, b(0) >0, a =1, 2, 1.7
P =1, == const

Substituting (1. 7) into (1, 5), we obtain
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b= kP (B B b = Py () B (1.8)
. Py n P 4 XY
V' = 2%k (%‘} -} Zk(;i )> b

A solution of form (1, 7) of system (1, 5) exists if we can find %, > 0, k, > 0, such

that
(B ks? — Byki?) sin g -+ (44,2 — A.k,%)cosp, =0 (1.9)

(24 k2 + A,k®sin ¢, — (2Bk,% + Bok,?)cosp, = 0
(r, (‘Po) > 0)

The first relation of (1, 9) is obtained by equating the right~hand sides of the first equa~-
lities in (1, 8); the second relation of (1, 9) is obtained from the vanishing of the right-
hand side of the last relation in (1, 8), The inequality within parentheses can be satisfied
by taking 1, -+ m instead of ;.

System (1, 9) as a system of linear equations in sin Y, and cos P, is consistent if its
determinant equals zero, i, e,

2(42 + B — (A Ay + ByBy) % — (A2 + B®) =0, % =k?/k?

This equation in % has a positive root %y. We see that when x = %, we can find Y,
from (1, 9) such that P; (1p,) >> 0. (We note that when (1, 6) are satisfied, a positive
root %o = 1/ 2y exists as well, but for this %, the first equality of (1, 9) turns into

P, () == 0, so that the condition within parentheses in (1, 9) is not fulfilled), Thus,
a solution of torm (1,7) of system (1. 5) exists, and db / dt = n?b% n == 0, whence
instability follows, The theorem is proved,

We say that a resonance is included if the corresponding coefficient B, 5 of the reso-
nance term is not equal zero, A resonance is said to be essential or unessential depending
on whether it leads to instability or not with the rest of resonances excluded, In these
terms Theorem 1 can be formulated in the following manner: the resonance A, — 2A;=
0 is essential if and only if one of the solutions of system (1, 5) is an invariant ray,

An analogous assertion is true for the resonant vectors % (1, —1, —1, 0, . . ., 0),
k(1,1,1,0, ..., 0)(see [2]). Third-order resonances can only be of the types indi-
cated ; therefore, the following general statement is valid,

Theorem 2, Letsystem (1,1) possess one (arbitrary) resonance of third order, For
the resonance to be essential in the second order it is necessary and sufficient that among
the solutions of the truncated system there be a growing solution of the invariant ray type,

We note that the resonance 1 : 2 is almost always essential, whereas the resonance
1:1:1 leads to instability in only half the cases,

2, Theorem 3, If system (1,1) possesses the resonance 7»2 — 2A; = 0, then Lia-
punov~-instability follows from instability in second order of the equilibruim position,

The presence among the solutions of the analog system of a specific solution (an inva=-
riant ray) is a necessary and sufficient condition for the instability of the truncated sys-
tem, The complete system (1, 1), differing from the truncated one only by higher terms,
may not have such a solution, However, it turns out that the complete system’s solutions
in some neighborhood of the invariant ray of the truncated system remain growing,

Proof, Under the conditions indicated system (1,2) appears in the following form
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(the equations for the conjugate quantities are computed analogously):

2" = My + Bi*le*x-z N -Tlejlj*ijj* 4+ I (2.1)
Ty = hoZs + Bilz® - sz;]*xjxj* -+ R,
Ty = My + Bz - Ry, k=3, .01

Here A, denotes the higher-order terms: the degree of R, R, in the variables x,,,..,
z)* is higher than three, the degree of R, . . ., R, is higher than four, In the variables

Pas Do (X5 = 0,€72, o =1, ..., [) we write down only that subsystem which does
not contain ¢y, . . ., ¢,
dp 2 —
= 20:20,P5 (Y) + pa® (C120:% 4 Co%02® + 8o) + Ray a=1,2  (2.2)
dp * 2 . :
- = 052 (CP01? 1~ CoPp® -+ Sp) + Ray B8=3,...,1

Py, Py

DPY
Hp_),

Py () = A;co8§ 4 B;sin §, § = @y — 291, Ry = Ba (01, -0y 01y 05 %)
i
P 1 5
= LA P j = Sa = ZCQPZ
z i i d¢ k= i P

Here A;, Bj, C;’, L; are real coefficients, while 3, denotes terms of higher orders
in comparison with the written ones,

The conditions for the existence of an invariant ray in the truncated system are the
following (see (1,9)):

Py (60) = kP, (Eu)v Py’ (o) = — ?szpll(ﬁ))y Py @0)>0 (k="Fhe/ k1) (2,3)

Using these conditions we reduce system (2, 2) to a more convenient form, At first we
introduce the variables r, §: p, = k~'rsin §, p, == rcos . In the variables r, P,

) = (Lypg® A Lypo® + N) + R

Os, - - -, Py system (2, 2) takes the form
% =r? (1’1 e %—) sin? @ cos ¢ -;— (Sysin? ¢ - Sy cos? @) + (2.4)

73

Cy! — . —
o7 Sin’ (p< sin® ¢ +- C,? cos? (p) +

rs

—- cos® (p( k“l sin? ¢ - Cy? coszzﬁj -+ Ryt

do .o -~ Py ., )
_(zp = rsing (P1 costp — - sin® q)) +

r2

2

dp r Py
2P’ o
Tt - (Jl cos* @ - sin? (p)

r ({2 sin? ¢ -1 L, cos? 6> + N+ R}

sin @ cos ¢ (li,sm2 ¢ + M, cos? (p) A+ Ryt

o c*
7 ::pf(—-—sm%p = Oy cos® (p\—i—Saoa PR, a=3 .1
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i

Mj=C —C M= Y Mp?

j=3
Here the degree of R,' in r, 3, . . ., pz is higher than four, the degree of R, R,
is higher than two, and the degree of Rs', . . ., B/' is higher than five, The values

T = /4 =, correspond to the truncated system's invariant ray, Making the
substitution ¢ =¢ — /4, = q; — \po and expanding the right~hand sides in a
Taylor series in a neighborhood of ¢ = 0, ¥ = 0, by taking the existence conditions
for ray (2, 3) into account and restricting ourselves only to terms of first order in ¢ and
P, we finally write the system as

%:2V)(2P1+2P1(P_P10/‘P) (51+S + Qo (2.5)
T =3 w (— 4P 3P\ ) -+ Bt -+ 4= 1 0,

ay .

Ao (=8P =3P T L) N 40

d

dpa2 r2 Py Cl 3

a3 pa<—,;- +Cs )+Sapaz + Ou, a=3,...,1
- or s 1 Al

Pe=P.(y) P =PSW),  E— (T

he
Here (), denotes higher-order terms,
We now show that for a suitable choice of § the function

F(",@:“Pvpa""vpl):(p2+62¢2+p3+"'+pl—r

is a Chetaev function for system (2, 5), i, e. in the region F < 0, by virtue of (2, 5),
the derivative dF / d¢ <_0. We have

T = 20{ Ty (= AP0 3P0 + | ko Q) (2.6)
2809 {7 (— BP0 — 3P e AN S
i=3
{—%Pl"—k [ T3 @PLo— Pr) - = (S + S82) + 0 ]
Because

<<, S, pptpat T o< (0= 0)

in the region being considered, the terms within the brackets are unessential in compari-
son with quantities of the order of 7* at sufficiently small r,
Let us show that we can choose § such that the expression

—r2P0 682 PP — 6r8AP,° — 4r@P,° -+ 3ropP”

is negative, Since P;° > 0, it suffices to state that the quadratic form invariables @,
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662y + 4¢® +- (168° — 3) % Al

is positive definite, We see that the discriminant D (52) of this form has two positive
distinct roots and, therefore, we can always choose the required §. The theorem is proved,

The proof of the analogous assertion for the resonance A; - A, + Ay = 0 is some-
what more difficult,

Theorem 4, If system (1,1) possesses the (third-order) resonance A, + A, -
hs = 0, then the Liapunov-instability of the equilibrium position follows from its insta-
bility in second order,

Proof, In analogy with the preceding, the question of the stability of the equilib~-
rium position of system (1,1) is reduced to the investigation of the following system:

d : W a 2 x

T 2040005Pa () + 0o (Crf0n® + Co"00> 4 C5p + 8%) + Racyy (27)
a=1,2,3

dp.2
"*‘5? = 0g? (C1Pp.2 + CPps? + CiPpst -+ S%) + Ry,
B=4,...,1

14

Py
ps?

dp P’ | Py

O papupn [+ T b L) o Lupy?Laps® + Laps® + N R

Po(§) = Agcosh+ Basin§,  p=q + ¢+ P,

R, = R, ©15 -5 01 9, P;)

! P !
N'= Y Lip?, P =—=, 8= (/"
= ap =1

Ay, By, Ci, L; are real coefficients, R; denotes terms of higher order in comparison
with the computed ones, The necessary and sufficient conditions for the existence of

the invariant ra
y Po =kob (), kg >0, a=123

db? [ dt = w*3, w0, P = Yo = const
are the following:

k Py (hg) = Ei2Py (B)y, k3P (o) = k2P () (2.8)
P1’ (o) Py’ (o Py (o
) Pri) y PAU) g, p () >0, a=1,2,3

Using these conditions we write system (2. 7) "in a neighborhood™” of the invariant ray,
For this we introduce the new coordinates r, ¢, 0, ¢

py = kyreos (0 - 0y) cos (¢ + n/4)
0y = kyrcos (0 -i- 0g)sin (¢ - nn / 4)
pa == kgrsin (0 1 By), :‘P_ — Vo
(cos 0, = V2/ V3, sin 0, =1/V3)

The values ¢ = 0,6 =0, ¢ =0 correspond to the invariant ray., Expanding the
right-hand sides of the tranformed system in Taylor series in a nighborhood of ¢ = 8 =
Y =U, by taking (2, 8) into account we obtain
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%;- - rl_) Pk - MO r - Q (2. 9)
e (— APk BY) - Kr (81— S) + O
d0 r o1, 12 ) 9 p.ol. _ -
= = VB (P k) — V2 Pk V P+
F°
2 $* =3 V2 + 0
f{l_‘f ~ V 3Pk — 2B — 3V 2 Pyo'ky120) -+ Lor* -+ N1+ Qs

(]P 2 5
T o (N 4 8% 4 Qay a=thynl

B = Pl — PR, Fy = (G + CF -+ C),

i
knk
By __ "B%y
NG K=

1=—4 a

K = — Yy (Myky® + Moky® + Mky?), L =5 (Lk >+ L, k{z-{—L. k2
M; = Ct — C3, M° = % (Fiks® + Fyks? + Fiky?), N' = 2 Lo
Ny —= —'11' (C 7k + Co ey - C3'ky?)
' !
Do = Pe (W), P = Pa’ (%), §% = 2 Ciapjz
i=4

(Qy. . - -, Q1 denote higher~order terms), By analogy with the preceding we can verify
that for a suitable choice of § and for sufficiently small r

F =42 +¢2 - 802 4+ps+ ... +p, —r

is a Chetaev function for system (2, 9),

3, Interaction of resonances, Definition, Two resonances with the
resonant vectors K, (kyy, . . ., ky) and k, (kyy, . . ., kyy) are said to be independent
if the resonancerelations donot have common frequencies, i, e, if

D ks | sy | =0
=1

A system having independent resonances splits up (in the second order) into noninter=-
connected subsystems (in suitable coordinates) ; therefore, the stability or instability in
second order of the equilibrium position depends on whether all the resonances are unes-
sential or at least one of them is essential,

We say that s resonances are linked in m frequencies (eigenvalues) if m frequencies
occur in the resonance relations considered, For the (third-order) resonances we are stu-
dying the cases m — 1,2, s =2 (m cannot equal three since zero frequencies are
absent), It is convenient to use the following linkage schemes:
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A ARy MAgAsAy

s m=l,s=2 (G & oD
B m=2,5=<Z ) ¢ 9% b)@

A, We first examine the case m — 1, s = 2. Let us show that if both resonances
are unessential, then the equilibrium position of the systemn being considered is stable,
Let us verify the validity of this statement by the example of interaction of the follow-
ing resonances: A, — 2h; =0, &, — A, — A; = 0.The remaining cases are ana-
lyzed analogously, Under the conditions being considered the truncated system (1,1) in
polar coordinates has the following form: (we write down only the equations for pg)

do® [ dt = 20.%0,P1 (§y),  dp,® [ dt = 20.°0,P, () -+ .1
2040304Q1 (P2)

dps? [ dt = 205050,Q5 (Ps),

dog® | dt = 20,p3p,Q3 ()  dpe®/dt =0, a=5...,1

P; = AjcosPy + Bisingy, =1, 2, =@ — 2

Oy = Cy cosp, -+ Dy sin s, EF=1,2 3, =01 —Q2— 3

Here Aj, Bj, Cy, D), are real coefficients, By hypothesis, P, = —kP, (see (1.8)),
while the determinants )
l) Cg_ D‘l I) 03 D3 D C] D]
C;; D3 3 2 (/11 D‘ 3 3~ C-z D2

have the same sign (see [2]) ; to be specific let [J; ™> (3, We can verify that system
{3.1) then has the integral !

I = DyR%0,® -+ Dypy® + Dypy® - Dyp,® - 2 p;?
F=3
whose existence guarantees stability,
Now suppose that at least one of the resonances is essential, We shall show that in this
case the equilibrium position is unstable, Let us consider the interaction of two resonan=-

cesoftype 1:1:1
P by by kg =0, Ay b Ay Ay =0

of which the first is essential, By this example it is easy to ascertain the general course
of the proof for any two third~order resonances, Under the given conditions the normal
form of system (1, 1) is {the equations for the conjugate quantities are analogous):

Y = M+ Buyp®ys* - Boydtys®
Yo = Aoy + Bay*us*,  ys = Agys + By *y.*
Ys = Aya + By FysF, Ys = hsys + Bey*y*
ya_. :::.Kaya, QZG,....Z
We show that this systemn has a growing solution, Havingset y,— . . .=y, =0, we

obtain a system which by hypothesis possesses an invariant ray, Thus, the equilibrium of
systemn (1,1) having two third-order resonances linked in one frequency is stable in second=
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order if both resonances are unessential, and is unstable if at least one of them is essen=~
tial, This last statement is valid, obviously, for any number of resonances, Thus the situ-
ation corresponds completely to the already examined case of independent resonance,

B. Let the resonances be linked in two frequencies, This case differs qualitatively
from the ones preceding in that the interaction of two unessential resonances can lead
to instability, Let us consider a system depending on a parameter f§ and let us show that
the equilibrium position is stable for 3 ~> P, and is unstable for § << f3,

Let Ay + 24, =0, A, — A, + A3 = 0, let both resonances be unessential, and
let the system in polar coordinates have the form

dp,® / dt = —5],p,%0, sin P; + 20,0030 Py
dp,? / dt = 10p,%p, sin P; — 2BP1Ps038iN P,
dps? [ dt = 3p,p,05 sin VP

ap L s[4 2
— = 90120, (— ok + —pj> c0S Py — P10203 ( ot + o cos P,
dpz 1 B

1 [ 1 3\
= 950,20, | — + — + 040905 | — — ——=- -+ 5— ' coOS
ar 200 (4912 P ) cos Y1 + 010203 \ o Py Zost Py

This system has the integral [ = 4p,® 4 p,% 4 2/; (B — 4)p,?, therefore, the equi-
librium position is stable for f > 4. We see that for f << %/, the system’s solution is
the following invariant ray:

=00, p =21 5Z00, =200
b (>0, 5(0)>0, ¥ =P, =n/2

so that the equilibrium position is unstable, The Chetaev function is easily written down,

An analogous example can be cited for the case B (a): A, - Ay — Ay =0, A, +

Ay — Ay =0 and

dp1? . dat ‘ L . .

5,1 = 0102 STy, -';‘— = — 2010903 SIN = Bpypgog sin vy,

dpg® . . . dog? .

—f‘ = 2010905 SIN Py — 3apy0y SiN 4y, (;, = P20y SN,
Only terms of the form f (0)cos ¥, occur in the equations for ," and {, , For f§ >
12 this system has a positive~-definite integral [ = p,* -~ p,® + pg* /2 -+ (B /2 —
{)p4?, while for 3 < 2 it has the invariant ray

Py =pa =0 (), py =20(0), ps =V2=pb
b (0) >0, ¥ (t) >0, oy, =gy —=a/2
The author thanks the director and participants of V, V,Rumiantsev’s seminar for use-
ful discussions,
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